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B The theory of characteristic functions, developed by Sturrock for electron optics, is used to calculate

the primary aberrations of rectilinear orthogonal systems of the most general kind. In the second
part, the secondary aberrations of round systems are calculated with the aid of Sturrock’s second-
order perturbation characteristic functions. A proof of the equivalence of the aberration formulae
obtained by Melkich, using the variation of parameters method, and those obtained below is
offered in an appendix.

HiSTORICAL INTRODUCTION

The primary aberrations of rectilinear orthogonal systems are discussed in detail in only one
publication, a Berlin Dissertation by Alexander Melkich (1944, published 1947). Melkich
uses the method of variation of parameters to calculate the form of the aberration coeffi-
cients in a (twist-free§) orthogonal system which need not be stigmatic in first order. The

Y B \

— form of the primary aberration coeflicients is somewhat complex, and in an appendix,
§ P I demonstrate that his expressions are equivalent to those obtained with the aid of charac-
olm teristic functions.

= Apart from passing allusions and brief discussions of the effects to be expected from
E 8 secondary aberrations if primary aberrations could be corrected, the fifth-order aberrations
~ of any kind of electron optical system have been discussed only by U My-Chzhen’ (1957).

The latter analyses the fifth-order aberrations of rotationally symmetrical systems, and sets
out the expressions for spherical aberration and distortion in full. (The development of
the theory of fifth-order aberrations in ‘light optics’ is traced in Hawkes (1963, pp. 128-9)
from Schwarzschild’s early work up to Focke’s study which appeared in 1951.)
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1 The present work is substantially equivalent to the third chapter of a Cambridge Doctoral Dissertation,
entitled ‘The aberrations of electron optical systems in the absence of rotational symmetry’ (1963).
§ See §3-2 of part I of the present work (Hawkes 19654).

]
The Royal Society is collaborating with JSTOR to digitize, preserve, and extend access to @% 2

Philosophical Transactions of the Royal Society of London. Series A, Mathematical and Physical Sciences. IINOIY
WWWw.jstor.org


http://rsta.royalsocietypublishing.org/

\

ya

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

L A

JA

yi

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

524 P. W. HAWKES

A. THE PRIMARY ABERRATIONS OF RECTILINEAR] ORTHOGONAL SYSTEMS
The general case

The refractive index of an electron optical medium characterized by an electric field,
scalar potential ¢(X, ¥, z) and a magnetic field, vector potential A(X, Y, z) is

n = Jg(1+ed)}—J(e/2mo) A.s,

in which s is a unit vector along the ray in question, —¢ is the charge on the electron, m,
its rest mass, and ¢ = ¢/2m, ¢? is a relativistic correction constant (¢ denotes the velocity of
light). If we select the axis of the system as the z axis of a system of Cartesian co-ordinates,
the quantity » ds which occurs in the expression of Fermat’s principle can be replaced by

mdz, where
m = Jp(1+ep) (1+X"2+Y)}—/(e2mg) (Ax X'+ 4, Y'+-4,);

X' and Y’ denote dX/dz and dY/dz respectively.
The electrostatic and magnetic potentials can be expanded in terms of the off-axial
co-ordinates X, Y, and functions of z only, as follows:§

$(X,Y,2) = O(2) —1[D"(2) = D(2)] X2+ P(z) XY —4[D"(2) + D(2)] Y7,
+[7e @M (2) —4D"(2) + Dy (2 )]X4‘[T§Pl/( )— Pi(2)] XY

[ OM() — 6D, (2)] X7 [P (2) 4P, (2)] XY ) (Ala)
[ OM(E) D" (2) + Dy(2)] T,
AT,2) = 00E) YA )+ K T-+Q'E) P ) - () T
Y:O>
4, = 3Q(2) X H0'(2) AT XY 3Q() P [4Q" () - @1 X | (a1n
Q) () — A, ()] XY [3Q7(2) — 6@, (2)] X27
[ (2) + 40, (2)] KT (507 (2) + @, (2)] 7.

We denote terms of m in z alone by m(®, and terms of second and fourth degree in X and ¥
and their derivatives by m® and m® respectively; writing 7 for ./(e/2m,), we find

m® = J{O(1 +eD)}, (A2a)
y 1 1+20 "o )
m® — — 8 J{0(1 + CI))}(D (X247?2)

1+ 2e®
+[s JIO(1 1¢®)} D—9Q | (x>
14260 N :I
5 L rsapy DA | XY
FHAP +eD)} (X2 4-Y72) — QXY — X'Y), (A2b)
¥ By a ‘rectilinear’ system, we understand a system with a straight optic axis.

§ The notation is very similar to that employed by Glaser (1956), except that (—2¢,,/0z) ,_,_, is denoted
by Q(z).


http://rsta.royalsocietypublishing.org/

—%
L A

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

GENERAL ELECTRON OPTICAL SYSTEMS. II 525

m® = F(X?+ Y2)2 4+ G(X?— Y?)?
+HXY(X2+ Y?) +IXY(X2—Y?)
FJ(X— T4+ K(X2+ T7%) (X2 4 1?2)
FL(X24 Y2 (X2— Y?) + M(X"2+Y'?) XY
+N(X24+ Y22+ RXY(XY' — X'Y)

d d

LSXY S (X2 Y2) 4 TXY -5 (X24-72) (A 20)

dz dz
i i 1 1420 by 1 (@)% 142D D )
mowhich 1= g Vi1 +ec1>)}q) 128 [O(1 +eD) ]} 2/{O(1 D)} !
1 P2
2 [0yt
1+2¢® 1 D2 1 P2
G- AD(A+e®)} 71128 [W(I)i(vi}eq))]%Jrﬁé[(p(l +€(I))]g’“2’7Q1a
== _]; — ‘]—._+‘2€(D N __iq)ll _l_ ”
H=—= 24J{®(1+e®)}P +16 [D(1+4¢D)]? 12"
(2@ , 1 DP 1o, - (A9)
I~ ity P 16 [ rep 167 41
— ,.__1_ __l,j—ge_._q)___ " 1 D(I)” "
T J{®(1+e®)}D o4 [d(1 Hq))]%+48 7€",
K:Mi_._l:i__%i_ //, L_____]_-__}‘i_Qe(I) D’
16 /{®(1 - ¢®)} 16 J{O(1 1 D)}
1 142D o
M =5 o reont> V=1 +eP)}
R = %”Q/: § = _%”Q”, T = —%ﬂAI

The term in (XY’

—XY") which appears in m® can be eliminated by rotating the axes
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through an angle 0, such that

d® g Q

e

2 J{O(1+c®)}

and in the new co-ordinates, (x,y), we find

m® = [{D(1+ed)},

2) 1 142D . 7 o
m? — _§m® _'8“\7{6(@:;(1)7}:' (x +y)
1+42¢® ,
+[(8 J{O(1+ed)} “"2“77Q) cos 20
I 142D 2
(4 N (R (D)}P+477A> sm2®:| x2+y?)

*[ (4 J{aé ﬁfﬁm}

P+ %WA) cos 2@:' xy

2 J{O(1 D)}

+(l 1+ 2ed

—-—I7Q) sin 20

+3AP(1 +eD)} (x"245"),
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526 P. W. HAWKES
m® = [ f—Lksin (404 I1)] (x2+y2)2+ ksin (4O +TI) (x2—y2)2
+ 2k cos (40 +TT) xy (42— y2) 42 cos (20 + Z) xy (42 +4?)
+msin (204 2) (x*—y*) +A(x2+y2) (x'2+y'?)
+ 240" (x*+y7) (xy' —x'y) +§sin (204 F) (#*—y?) (5" +y"?)
+2§ cos (204 E) xy(x"2+y'?) +fsin (20+A) (x> —y?) (xy' —x'y)
+2fcos (20-+A) xy(xy’ —x'y) + N(x"2+y'%)?
+4ANO (22 4+y'?) (xy’ —x'y) +4ANO2(xy' —x'y)?

+8 [xy cos 20+ 1 (x2—y?) sin 20)] El(lz [(%2—y?) cos 20 — 2xy sin 20)]

+ Txy cos 20+ (%% —y?) sin 20)] aqi (x24y?) (A5¢)
in which i
J=F+3G+KO?24+NO', k= /(G*+11?), )
m = JE(H+ MO+ RO+ (J+LO?)?, #=K+2NO'2,
§= J2HM2), 7 U120 (MO +1R)?),
SR _ 2(J+LO7) [ (A6)
tanIl = 2G/I, tanX = Hi MO RO
= 2O
tan._,—QL/M, tanA—m.
In orthogonal systems, m(® can be cast into a form containing terms in (x'2+y'2), 2 and y2
only, so that
’ B 1+2¢0 1-+2¢®
tan20 = | et o P A]/[2J{(Dl+e(b D2 Q:I (A7)

which, in conjunction with the definition of ®, is known as the orthogonality condition. This
condition fulfilled, the Euler equations of

3fm<2>dz=o

separate, and their general solutions can be formally written
%(2) = %,8,(2) +%.h.(2), }
y(2) = ¥,8,(2) +4a 1, (2)-

Substituting these solutions into m®, we obtain

(A8)

m® = Gxt byt --oxt 4 dyt
+ex2 Y+ falyR gl Yo+ hays +Jas x% -+ Ryl y?
+ I3 xS y Ak, %3 Y, Yo+ G Y 13 Y,
33 %+ Ty KoY, X5 VY o X5+ WK, Y+ 2, Y
+ax2x, Yot P22, Y+ TREY, Yo 02X, Y,
82 %, Y+ O Y, Yo+ Ay %, 2, YRR, Y,
VY25, Y0y 2 2o Yo Y2 %y X Y2, Yo+ 0%, Y, % o (A9)
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GENERAL ELECTRON OPTICAL SYSTEMS. II 527
in which
@ = [j+Lksin (40 +11) — SO sin2 2@+ sin (204 X)] g
+sin 20(Scos 20+ T') g gi+ [+ §sin(20+ E)] g, 22+ Ngit. (A 10q)

Writing A, instead of g, converts @ into ¢; writing g, instead of g,, — instead of 7 and —¢
instead of § converts @ into b; writing %, instead of g, converts 4 into d

e = 2[f—3ksin (40 +11I) — 250" cos? 20+ 50" sin% 20] g2 g2
+2Ng2g} +[A+dsin (20+E)] g g/ + [i—§sin (20+E)] &7 g5
—§sin405g,£,(4:4,)’
+[27cos (20+A) + T'sin 20] g, 8, (2,8, — £:8,)
+4NO(g,8,—8:8,)" (A10¢)
/> g and £ are identical to g, apart from the following exchanges:

Sfraséeif g, is replaced by &, g, by 4, g, by k; and g, by &,
g:aseif g, is replaced by 4, and g, by 4,
h: as e if g, is replaced by %, and g, by %,
7 — 6[j+ LA sin (40+TT) — SO sin? 20+ ssin (204 X)] g2 k2 + 6 Ng/2h?
+ [+ ¢sin (20+X)] (g3 + & i+ 48, 8. )

+3sin20(Scos 20+ T) g,k (g, h,) . (A105)
Writing g, instead of g, and %, instead of h,, and changing the signs of 7%, § and 7|, converts
J into k. [ = 4[j+Lksin (40 +1IT) — SO’ sin2 20+ sin (20+ )] gk,
+4NgPh,+2[A+¢sin (20+ 5)] g, £.(g,. k)’
+sin20(Scos 20+ T') [g%(g, k) +28%g.h,]. (A10/)

7 is identical to [ if h,(k;) and g,(g;) are interchanged.
Replacing g, by g, and &, by h,, and changing the signs of 4, §, and 7" converts [ into .
p is derived from m by interchanging £, and g,. '

G = 2[kcos (4@ +1I) — SO sin 40+ cos (20 + )] ah,

+[2A0"+7sin (20+A)] g3(g, b, —&: )

+2c0s 20(T+ S cos 20) g2 g, h,

—85in?20g%(g,8,) +2d cos (20+ E) g, 8%,

+4NO'g(g,8,—.8,)- (A10g)
7, 7 and 7 are identical to g if the following functions are exchanged:
#is derived from g by replacing %, by g, and %, by g,;
% is derived from g by replacing g, by 4,, &, by g,, g, by h; and &, by g, ;

s 1oy
7is derived from g by replacing g, by %, and g; by £;;
—5is derived from g by replacing g, by g, and %, by £, and changing the signs of 17, 7, T, §.

65 Voi. 257. A.
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t, w and Z are identical to 5 if the functions are exchanged in the following ways:
tis derived from 5 by replacing %, by g, and 4, by g.;
w is derived from 5 by replacing 4, by g,, g, by 4, b, by g, and g, by &,;
zis derived from 5 by replacing g, by %, and g, by 4 ;
& = 6[£ cos (4@+1TI) + i cos (20+X) — SO sin 40] g2k, g,
+2gcos (20+5) (2., &M+ 1. 87¢,)
+ANO g (k. g, — N, 8,) + 28R (8. 8,—8:8,)]

- +2c0s20( TS c0s 20) (g, g1g,+ (&h,)' 8.8,)

S —Ssin?20[2g,h,(g.8,) +gX(g,h) 1. (A102)
2 : The following exchanges convert @ into £, 8 or £:

= 5 fis derived from @ if g, is replaced by h,and g, by h, ;

E g 8 is derived from @ if g, is replaced by 4, g, by &, &, by g, and k; by g;;

£ is derived from @ if g, is replaced by 4,, g; by ki, g, by 4, g, by h,, h, by g,and &, by g,.
If g, is replaced by g,, g, by g, and &, by £, and if the signs of 17, §, # and T are reversed,
a is converted into — fi.

Just as @ generates f§, 8 and £, so ji generates 7, 8 and 7, thus:
v is derived from /i if g, is replaced by £, and g, by #;;
0 is derived from 7 if g, is replaced by £, gy by hy, k, by g, and &, by g ;

p is derived from j if g, is replaced by h , & by I, g, by b, g, by lzy, h, by g, and &, by g,;
y = 4[f—3ksin (40 +II) — 250 cos? 20 +85O' sin2 20] gg,h,
+4Ng g, h,+2[fi+¢sin (20+E)] g3 g, b,
2[A—gsin (20+E)] g2, h,
+27cos (20+A) [g,8,(g.y —guhy) + 8.1, (8.8, — 8:8,)]
+8NO(g,8,—g:8,) (gl —&:1,)
—(885sin40+2T'sin20) g, 5.8, /,
—%(3Ssin40—27Tsin 20) g2(g, 4,)". (A10y)
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,_1 Replacing g, by %, converts ¥ into {.

;E ' Ais derived from 7 by interchanging g, and &,> replacing h, by k,, and reversing the signs
8 E of ¢, #and T. ~

- 5 Writing %, instead of g, converts 4 into ¢.

E O & — 8[j—3ksin (4®+H) — 250’ cos? 20+ SO’ sin? 2@] g.h.g,h,

+8Ng hyg, b, +4[fi+gsin (204 )] g, b, 8, b,

+4[A—¢sin (20+-X)] g, k. g, k,

+47cos (20+A) [g.g,(h, by —hph,) +h by (g,.8,—8:8,)]

+8NO[2(g.g, bl + g8, b)) —(g:h) (g,h,)']

—S8sin40(g, g, k. k)’

—4[S(g, kg, b)) — 3T (g, 1)) — gyl (g, 1) 3] (A10w)
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GENERAL ELECTRON OPTICAL SYSTEMS. II 529

Sturrock (1951) has shown that the primary aberrations of an orthogonal system in an
arbitrary current plane, z = z,, are given by

1 oV ao] 0%) — 8, (Vo] )

A@LH®H%” —gh)’ AL
I (3VI /3y0 gyc( c/ya)
(1T e®)) (8yePrye—8yo Pye)”

in which the suffix ‘¢’ appended to a function of z implies that the function is to be evaluated
in the plane z = z;

V= fm(‘*)dz = xﬁfﬁdz+y§f§dz+...—l—xoyoxayafadz

and we denote f “adz by at

0

(A12a)

and f “adz by a*

a

(A125)

with a corresponding notation for each of the other coeflicient integrals.
Denoting the aberration coefficients by («fyd), and (afyd),, so that

x! = (3000),x3+ (0300), 73+ (0030), 43+ (0003), y3
+(2100), 42y, -+ (1200), % yg +(2010), x2 x, -+ (1020), x, x2
- (2001), 2y, + (1002), ¥4+ (0210), 52, + (0120), 4,2
(0201) gy -+ (O102) g, 8-+ (0021) a1+ (0012) g2
- (1110), %, 5 (1101), 5,4, Y (1011), 5, %, 4+ (0111), 90 %,5,  (A13)
with an identical expression for ¥, except that (afyd), is replaced by («fyd),, we find
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k,(3000), = 4k, a*—g,lt,
£,(0300), = A, t*—g,s",
£,(0030), = h,n*—4g, c",
£.(0003), = b, w*—g,zt,
k,(2100), = 3k, 1*—g, af,
£.(1200), = 2k, e*—g AT,
k,(2010), = 3h0*—2g jt,

£,(1020), = 2k, j*—3g,nf,

kx(2001)x = 3kx q*—'gxﬂfa
£(1002), — 2h,g*—g, 4,
£,(0210), = b \*—2g. i,
k,(0120), = h, 0% —3g, uf,
kx(0201)x = xﬂ*_ngTﬁ

£(0102), — h,0°—g,pt,

kx(OOQ’l)x = hx§*"3ng+a

ky(0012)x = kx¢*_2gxff’
k. (1110), = 2k, a*—2g 8",

kx(ll()l)x = 2kx'y*_gx(‘ﬁ>
k. (1011), = 2h, f*—
k(0111), = h o*—2g, L1,

2¢g, £,

k,(3000), = &, r*:gy gt )
£, (0300), = b, b*—g, i,
k,(0030), = hyu —g, v,

k,(0003), = h, p*—4g,d',
ky(2100)y = 2/zy e*—gyy’f,
k,(1200), = 3k, t*—g, pt,
k,(2010), = h, a*—g, AT,
%
k,(1020), = h, 0*—g, &,

k,(0120), = 2h, h*—g, (T,
k ,(0201), = 3h, m*—2g kT,
ky(0102)y = th k’°‘~—3gylb,1L
y(002 )y hyé’*—zgyff,
y(O ) :h lo _3gyz>
k,(1110), = 2h , A —g, 0,
k,(1101), = 2lz 1 —2g, 0%,
ky(1011)y = hyw*:2gy¢f,
k,(0111), = 2h v*—2g pt. |
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530 P. W. HAWKES
The symbols &, and £, denote the (constant) quantities ,/{®(1+¢e®)} (g, hr—gyh,) and
H@(1+-6D)} (g, by —g, k), respectively.
In the complex notation described in part I, we have
u, — Z(apyd) us @ (A15)
and if we denote 1/8k, by £, and 1/8k, by £, the coeflicients (afyd) are of the following form:
(3000) = = ky[h,(4a” —2¢") — g (I' = AN)] + Ky, (—4b*+2¢*) — g, (—m" +1)]
ik (8 —3r7) — g, (sT—af) |+ ik [, (r* —38%) — g, (¢" — "],
(0300) = ky[h,(4a" —2¢") — g (I —AT)] -+ K, [, (40* — 2¢*) — g, (m? —y")]
k(=274 8r%) — g (—sT+af) ] +ik, [h, (r* — 38%) — g, (¢"—u")],
(0030) = ky[h, (0" —¢%) — g, (4c"—2f )]+ k) [, (—p*+ () —g,(—4d"+21)]
kR (w” —E7) —g,(2'— 30" | +iky[ R, (" — p*) — g, (v —321)],
(0003) = Eifh,(n" —§*) —g,(4¢"— 2 )]+ ky [, (" — ) — g, (44" — 2f1)]
kR (—w+-£%) — g ( — 2"+ 80" ] ik [, (u* — p*) — g, (v1 — 82")],
(2100) = kA (120" +2¢%) — g, (31" -+ A1)] + K, [, (125 -+ 2¢%) —g,(3mt 1]
Ry (3254 31%) -+ g, (85 +-a) ] ik, (31" + 36%) — g, (3¢ + )],
(1200) = k[h, (124" +2¢%) — g, (311 +- A1) | + &y [ — b, (12b* 4 2¢¥) +g,(3mt+y1)]
U R (367 +8r7) — g (35T +a) ] - iky [, (3 + 8%) — g, (3¢ + 4],
(0021) = k;[hx('?)t*+¢*) — &3 2] 4Ky [y (3u* + £7) — g, (301 +2/1)]
IR R (8w” +£%) +g,(32" -+ 3uM) ] +-iky [k, (3u* 4 p*) — g, (30" -+ 32")],
(0012) = [ A, (30" +6%) — g, (126" +2f )] +-k, [ —h, (3p* +{*) +g, (124" 21 1)]
kR (3w7+E7) —g,(32"+ 80") ] +iky [, (3u* + p*) — g, (30 4 321)],
(2010) = ki, (31* —1* —2y*) — g, (2t — 2kt — w1)]
+kyLhy (y* —3m* -+ 20%) — g (2g" — 2"+ wh)]
kgL (4 — 34" —20%) — g, (v — B 251)]
ik [, (o — 8% — 20%) — g, (1 — vt 201)],
(1020) = Ei[A(2" —2¢" —0%) —g,(3nt — g — 2]
K [ (26% 28 1 0) — g, (¢ — 391+ 21))
k[ (07 — 0" —28*) — g (ot — But —2£1)]
ik [y (3 — 67— 207) — g, (E1 — 3wt — 2],
(2001) = kif[h,(81* — ¥ —2y*) — g, (27" — 2kt — 1]
+ky LAy (3m* —y* - 20%) — g (2k" — 2gT + )]
ik (3" —24) — g (1 v 28%)]
A1k, [, (o — 3% 4-2u%) — g (BT —vt4-201)],
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GENERAL ELECTRON OPTICAL SYSTEMS. II 531
(0120) = ki[h,(2/*—2¢* —w*) — g,(3n" — gt —2¢1)]
+k, [k, (2k* —2h* +0*) — g, (3pt— (T -+ 2¢1)]
+iky[R (8% — 0% —28%) — g,(3ut — pt — 2£1)]
R [h, (87— 0% — 20%) — g, (€' — 3wt —2ph)], > (A16)
(0210) = KI[A,(31*—A* +2y*) —g, (2]t — 2 +M)]
K[, (7 — 3m* — 20%) — g, (2g1 — 2k — o")]
+iki[h, (4" — 3q* + 20%) — g, (V' — BT+ 281)]
+iky (A, (a* —8s* -+ 2u%) — g, (Bt —v' + 201)],
(1002) — KJ[h,(2]* 26+ 0°) — g, (30— "+ 201]
b, (21— 2K — %) — g, (€1 391 —24")]
FRTA(0°— 0%+ 26°) — g, (" — Bu* - 261)]
R (0% — 07+ 20%) — g, (€1 — 20+ 291)],
(0201) — KA, (380%— 1 2)°) — g, (35"~ 2h'—a"]
K[k, (3m* —y* —20%) g, (2K — 2g'— )]
kA (3" — -+ 227) — g (o1 1 281)]
R, [h, (o — 3% — 24") — g, (f'— vt —20%],
(0102) = £,[4,(2/* —2¢* —w*) — g, (80" — gt — 2(1)]
+ k[, (2K —2h* —0*) — g, (3pT— {1 — 2¢1)]
+ ik [R, (0% — 0%+ 28%) — g, (3ut — pT -+ 261)]
K[ (0% — % —20%) — g (€' — 3wt —20")],
$(1110) = k,[A (31" +1%) — g, (211 +2h")]
Ry (7 3m") — g 241+ 2K0)]
IR — (3" + %) g, (8]
[y 435%) — g (-4 )],

3(1011) = k[ (2% +28%) — g, (nt +¢1)]
+k,[h, (28" +2k%) — g, (C14-3p1)]
ik [ — A, (0% +0%) + g, (3ut +pt)]
+iky [k, (8% +0%) — g, (EF -+ 3wt)],

B(1101) = KJA(3+ 1) — g, (25" 24)]
k[ =k, (y*+ 3m*) +g,(2¢" -+ 2k1)]
ik (34" ) — g ()]

Ry 0+ 35%) — g, ()],

BOLL1) = KT (2 2¢%) — g, (30t + 61)]
Ry (20 28) + g, (03]
T8 0%) — g, (30t + 1))
[, 07+ 0°) — g, (61 Bu)].
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532 P. W. HAWKES

An important special case: the ‘ twist-free’ orthogonal system?

In practice, it is very difficult to design a rectilinear orthogonal system in which the
angle 0 is not a constant, for if ® is a function of z, a delicate balance of magnetic and
electrostatic fields has to be established and maintained. The class of orthogonal systems
for which 0 is constant is therefore an important one; it includes systems of quadrupole
lenses, alined so that either P(z) and A(z) vanish identically (tan 20 = 0, ® = 0) or so that
D(z) and Q(z) vanish identically (tan 20 == co, ® = 1). This means that any electrostatic
and magnetic quadrupoles must be so orientated that the planes which bisect the electrodes
are inclined at 45° to the planes which bisect the pole-pieces. Setting the axes of x and y
through the electrodes (and hence midway between the pole-pieces), we obtain ® = 0.
Another special case, in which © is constant but does not vanish, is the composite quadrupole,
a quadrupole in which the four poles create both an electrostatic and a magnetic field.

The function (z) vanishes everywhere, but ®(z) is not restricted in any way: any
electrostatic quadrupoles in the system need not carry equal and opposite potentials on
their two pairs of electrodes.

It is to be stressed that the orthogonality condition only restricts the functions which
affect the primordial imaging properties; thus, although P(z) and A(z) may vanish every-
where, P,(z) and A,(z) need not. This means that although the imagery may be fully
described by quoting the cardinal elements in the x-z and y-z planes, the primary (third-
order) aberrations will not simply be those of a system with two mutually perpendicular
planes of symmetry: the quadrupoles must be alined in the way we have described, but the
octopoles can be given any orientation whatsoever.

The functions F(z), G(z), ...,8(z), T(z) can now be simplified. That H(z), M(z), S(z) and
T(z) vanish follows from A(z) = P(z) = 0; if each of the electrostatic quadrupoles is excited
symmetrically, ®(z) = constant and K(z) also vanishes; if the octopoles are alined according
to the same rules as the quadrupoles, so that P, (z) = A (z) = 0, then I(z) is everywhere zero.

Of the four angles I1(z), %(z), E(z) and A(z),

II(z) = tan~' (2G/I) reduces to 37 if P,(z) = Aj(z) =0,
2(z) = $m since H(z) =0,
H(z) = 4m since P(z) =0,
A(z) =0 since dO(z)/dz = 0.
Instead of setting out the new forms of the remaining functions, F(z), G(z), 1(z), J(z),

K(z), L(z), N(z) and R(z), the combinations of these functions which repeatedly occur in
the aberration expressions will be listed. These combinations are

F+iGLJ, J(G2+112), K+L, 2G/I;

the functions N(z) = —5/{D(14-¢D)}
and R(z) = 1292

are unaffected.

% Simpler forms of certain expressions derived here are to be found in Hawkes (19655).
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GENERAL ELECTRON OPTICAL SYSTEMS. II 533
.1 1+42¢® . 1 (O")2 1 D?
4 1G = = - B utidhia SN ( 1€ 379 B W A S 1
FH30 = 198 fio (1560} 128 [O(1 L@} 256 (D1 re) 1T
which simplifies to EE N L (A17b)
256 [D(1 +cD)]
with symmetrical excitation.
1 142D P | DO Y
S Mt e Bl 100" A17
T = g6 Jdt-o0)y D 6 [ Loy TR (A1T0)
here the penultimate term disappears when the excitation is symmetrical.
. 1+2¢d "
K+ L= 16,/{D(1 e} (—®"+D) (A17d)
. L+ 2¢O
which reduces to -{- iéJ{EI)_(_fﬁdj)} (A 173)
with symmetrical excitation.
, 1+42¢®
G 4l = g F2E (DT PR + 477(Q1+ A
D# 14260
Trogt (T Ted) M (1 o)y (D1 T AA)
| D2 142D )
BRI D,—2 Al7
2G l+26® 1 :I/I: 1 |—26(D :I
: Dy P 2nA A17
We also need F +GiJ, which is given by
L 10260 gy 1 (O7FD) 1426
128 J{®(1 +¢D)} 128 [O(1 +eD)]F 2J{<I>(1 +eD)}
1 + 26(D " "
D" 4-2 . (A17h
The functions 7, £, ..., § and # therefore become
j = F+iG,
k= J(G*+L1I?) (or k= G when P, == A, = 0),
M= J, (A18)
i == K (or 7 = 0 when ®(z) -= constant)
g= L,
f=3R.
The integrands 4, b, ..., ¢, & can now be written in the following forms:
a= (F+G+J) g+ (K+L)gigl+ Ngt (Al19q)

a—¢
a->b if g—»g, J>—-J and L->—L.
b
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534 P. W. HAWKES

In these expressions, the coefficients of gt and 4} simplify to (F+G+J), and those of g3 and
hito (F+G—J), even though P,(z) and A,(z) do not vanish.

¢ = (2F—26) g2 g}
+oNg2gp+ (K+L) gigf+ (K—L) g2g,
+Re.g,(8:8,—8:8,)- (A19¢)
When the excitation is symmetrical, the terms in g2 ;> and g;* g2 combine into
Ligig;/—glg;) or L(gg,—g.g,) d/dz(gg,).
The functions f, g and / are derived from by making the following exchanges:
¢—~f if g.—h, and g, —h,
e—~>g if g —h,
e>h if g.—>h,
J = (6F+6G-+6.J) g2+ 6Ng2h2+ (K+ L) (2h2+g2hi+4g,8lh ),  (A19))
[ — (4F 4G+ 4J) gh+ 4N+ 2(K+ L) g, 248, 1) (A191)
Ifg,~g,h—~h,J—>—Jand L-> —L, thenj— kand [ > m.
l-7n if h,—>g, and g,—>1,
m—p if h,->g, and g,—h,

For the skew octopole terms, we find:

? - Ig:_?/h]p ; = Igiggp U= Ihgggp 5 = Ihﬁ hy)

5=—1Ig3h, t=—1Igdg, w=—1Ihdg, zZ=—1Ik"h,

j Sul _ &vé - us Y (A 19 skew octo.)
&= 3Iga% hxggp 13 = 3]g3 hx by) 0= 3Ih%gxgy3 E = ?’Ihazc 8 hya

i=—3lg.g*h, V=—3Ihgih, 0=—3Ighlg, p=—3IhHg,.

P, =A =0.
b 7 = (4F—4G) glg, h

]
+4Nglg, hy+2(K+ L) gl g, by +2(K—L) g.%g, b,
+R[g,.8,(8:hy—8gh,) +8.1,(8:8,—8:8)]; (A197)

7> when g, —>#h,

y—>A when g,—>g, g—>8 h—>h, L—>—L and R- —R,

A->¢ when g,—h,

+ This result corresponds to the statement in part I of the present paper that the coefficients (efyd) in
= Z(afyd)wuPuY i are all real in an orthogonal system with a plane of symmetry.
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GENERAL ELECTRON OPTICAL SYSTEMS. II 535
w = (8F—8G) g.h.g,h,
+8Ng b gy by +4(K+L) g b, g, by +4(K—L) g, g, b,
+2R[g, g, (b by —hih,) + 1 by (8. 8y—8:8,)]- (A190)

If the octopoles are alined in such a way that P,(z) and A,(z) vanish, then

(0300), = (0003), = (2100), = (2001),
= (0120), = (0021), = (0201),
= (0102), = (1110), = (1011), = 0, (A 20a)

and (3000), = (0030), = (1200), = (2010),
— (1020), = (1002), = (0210),
— (0012), = (1101), = (0111), = 0. (A 20)

In the image plane, z = z;, of a stigmatic system, the functions %,(z) and %,(z) pass
through zero simultaneously, and only the contributions in g,(z;) = M; and g,(z;) = M,
remain; M, and M, signify the magnifications in the » and y directions, respectively. In

these conditions .
(3000), = —M,I*,  (0300), = — M, m?,

(0030), = —4M,ct, (0003), = —4M, d",
(1200), = — MY, (2100), = — M, 7%,
(2010), = —2Mjt, (0201), = —2M, k',
(1020, = —3M,nt, (0102), = —3M,p", (A2
(1002)x = Mx ¢+3 (0120)1/ M] Cl’,

(0210), = —2M_ k', (2001), = —2M, g,

(0012), = —2M,ft, (0021), = —2M,
(1101), = — M,', (1110), = — M, o',
(0111), = —2M,{t, (1011), = —2M, 4,

in which M, =Mk, and M, = M,k,.

From these expressions, we can verify directly that if M, =M, then
(0012), = (0021),

which is the familiar relation between the aperture aberration coefficients of a stigmatic,
orthomorphic quadrupole system.

Similarly, 2(1002), = (1011),,
(0111), = 2(0120),,
and (1101), = (1110),.

+ Cf. part I, §3-2.

66 Vor. 257. A
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536 P. W. HAWKES

To calculate the aberrations of a given system, therefore, what data are required, and
how are they to be transformed into numerical values of the aberration coefficients ? First,
we must ascertain, from the symmetry of the system, which of the functions ®(z), D(z)...Q,(2)
appearing in equations (A 1« and b) are present; the form of these functions must then be
determined, either by measurement or computation. The functions F, G... T appearing in
equation (A 3), and hence the functions f. £...tan A appearing in equations (A 6), are then
calculated; the components of the refractive index, m©@, m® and m® (A 5) thus contain
known functions of z.

The paraxial equations of motion must now be solved, analytically when this is feasible,
or with the aid of a computer; from the general solutions, the pairs of independent solutions
8w b, and g,, h, are constructed, which satisfy the boundary conditions

8(2,) = 8,(2,) = h(z,) = h(20) = 1,
8:(20) = 8,(2,) = hlz,) = hy(2,) = 0.

Using equation (A 8), the coefficients @,5...» which appear in equation (A9) can be
calculated from their definitions (A 10), and subsequently integrated (A12a and b).
Inserting these quantities into equation (A 14), we obtain the aberration coefficients in any
desired current plane.

When the system is twist-free, we calculate the combinations (A 17a to %), and instead of

equations (A 10), we calculate @, 5...» from the simpler definitions (A 19). Otherwise, the
practical calculation of the aberration coeflicients follows the same course.

B. THE SECONDARY ABERRATIONS OF ROUND LENS SYSTEMS

In the function m, we have now to retain terms of the sixth degree in x, y, x" and y’, sothat
m = m© +m® + m® 4 m®,

Following Sturrock (1951),1 we define the ‘first form of the second-order perturbation
characteristic function’, V%, to be

o = f O,y 2) —mO (e 1y 2)} dz (B1)
whence we deduce that kxll =V,h,—V, gm} B2a)
kyygl = V;hyc_I/Zgyc
; : VR omy Oy, ]
in which V, = . sl e T s
v, — V5 1! anxc 1 Oy
2 &\l/a c aya s (BQb)
,
V., = EVtIlIc ]a —l—y Bnyc
5 ox, ¥e ax, ¢ ox,’
_ W 1001 Oy
O A

I In this article, Sturrock denotes the function we call VX by * Vi
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GENERAL ELECTRON OPTICAL SYSTEMS. II 537
or in terms of known quantities

IV J{®(1+€@)} 5 WVae Wéc) (h Ve ,32V£c)
O % ( T, 5 ax, ) " Ox,0x, 5* ox?

(AP +e®@)} () Ve Wéc) ) PVae 32V£c)
ky (” &, o, ( vy, i, oy, ox,)

Woe , JIO(L+eD)} () Ve, W;c) , BV, PV,
=t R (hx T, % ox, (”x x, %y, > ox, ay)

QUL 4 Vi Ty PV T

N

K:

b (B2¢)
7o %> J{(D(l +¢0)} (/z W BV;C) (h’ Ve 32V56>
ST, T R “ox, o ox, )\ ok S¥Gx on,
RO T O G OV B
K vy, oy, ( Yoy, 0, Sy, 9%)’
W AP +eD)}(, VG, VN (0 VL VL
e (hx o, S Bxa) (” oy, o &’yo)
AR ( T Ty BV S
k2 vy, o)\ S, 3yo) '
The function m® is of the form
O = g X+ T2)2 - X4 T2 (X4 7
gy (X4 T2) (X2 Y22 (X4 Y23
+mo(X2+Y?)2(XY' —-X'Y) (B3)
. . 2®(V1) @(iV)Q)” q)// 3
in which Mgy = 1024,\/@[ —@4**(6) :I,
O Q"
m42"‘256~/q)[ (—> ], (B4)
1 @”
Myy = 64 /P’ Mos = 16/ D
and Mgy = — gl Q).
On rotating the co-ordinates through the angle ®, where
de Q
b Pl
dz 2”J® (B5)

m® is converted into the expression

m® = mggo(x* +17)* +myyo(¥* +y%)? (22 +y?)
+m190(*2 +47) (%2 +5"%)2 +mgge (%" +72)°
+ gy (X2 +y%) 2 (xy" —x'y) +myg(¥24y2) (xy’ —x'y)?
+ o3 (%Y — x'Y)* +mggy ("2 +y'2)? (xy’ —x'y)

+mo (82 +y'2) (xy" —2"y)2 +myyy (22 +y2) (22 +y'2) (xy' —+'y) (B6)
66-2
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538 P. W. HAWKES
il’l WhiCh m300 = m60 "l_ m42 ®,2 _l— m24 @’4 "}‘ m06 @’6 + mQ @I, \
Myyg = Myg+2mgy ©2 4 3mge O,
Myz0 = Mgy + 3mgs O, Mo30 = Moes
Mgy = 4mgq O+ 12mys O,
mMoos = 8mys O, Mgy = 6myg O,
m012 = 1277206 @’2, mlll = 47)124 @’ "}‘ 1277106 ®,3-

Into this expression for m®, we substitute the primordial solutions,

x=%d@+%ﬂ@}

(B8)
Y =Y,8(2) +y,h(z)

to give

m® = Gg(x3+-y5)3+b6(x3+y5)* (x5 +y2)
+C6(x2+y2) (x2+y2) 2+ do(x3+72)°
+86(x24-Y2)% (%o %0 FYoYa) H 6 (X2 +3) (%2, 4Y,9,)?
+T6(%0 %0+ Yo Ya)® + Mg (25 +2)® (% %0+ Yo Ya)
+7g(x5 1 Y2) (%6 %0+ YoYa)® +P6(x5+45)% (%Yo —%aY,)
+q6(%2+Y2) (XoYa—%aYo) >+ 16(% Yo — %4 Y,)°
+S6(%5+Y2)% (% Ya—%aY,) + (X5 +Y2) (X, Yoa—%,Y,)*
F (% %0+ Y, Ya)? (%o Ya— %0 Yo) +U6(%o X0 +Yo Ya) (%6Ya—%4Y,)?
+ Ag(x24y2) (x24y2) (%, %,+9,9,) + B (62 +92) (x2+92) (%,9,—%,7,)
+E6(¥24Y2) (%, %Yo Ya) (%o Ya—%2Y0) +Co(X24-Y2) (%6 X4 Yo Ya) (%o Ya— %0 Yo)»

where g, b, ..., & and (s are defined as follows: (B9)
g = M30 88+ Mg 8 +Myy0 g8 +myp 878", )
dg = Mgy I8 +mgso h'S 4 Mgy BR'2+my o0 B2R'4,
bg = 8myoo %+ Bmgge 8402+ Mgy g2(8%h'% + 2 "2h7) +myg 8% (g 2 4 28°H'2),
Cg = 3ma0 §2h* + Bmogg 8'%h'* +myy o P (g'2hP + 267H'%) +mypg h'*(g%h'2 - 2¢"2hP),
&g = 6mgo0 8+ 6mggo &0 +2myy 0 g3 (gh' +2g'h) + 2my50 %8 (g h+2gh),
Mg = 6mgoo gh° + 6mys0 'R+ 2my o KPR (g'h+-2gh") + 2my 50 Bl (gh' +-2g'h),
Jo = 12mag0g*h? -+ 12myq0 g *h'2 + dmy, 0 8% h(g h+2gh") + 4myq g8 (gh' +-2¢'h),
ng = 12mgo0 g2h* +12mozq g'2h'* + 4y, o gh?h' (gh' +28'h) + 4myp, g'hE'*(g'h+-2gk'),
Jo = 8[mso 88 +mozo &> + (myyo gh+myz0 g'h') ghg'l']
! = (gh —i /z)3m003: o l (B10)
G, = (my028°+mg158'%) (gh' —g'h)%,
b = (mypoh®+mgp 1'?) (gh' —g'h)%,
U = 2(mygp8h+my128'H') (gh' —g'h)%
Pe = (Mo g*+mog g4 +myy, 8%¢%) (gh' —g'h),
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GENERAL ELECTRON OPTICAL SYSTEMS. II 539
5o = (magy Kt +mggy k4 +myy  B2072) (gh' —g'h),
U = [4mogy 8%h% + 4y g'2h' +myy, (82)' (h%)'] (gh'—g'h),
Ag = 12(m00 g3 +moge g'*h') -+ (myyo gh+myng g'1) [(2) (B?)' + 4g°h" 4 4g2H7),
fis = [2mag; g2h% -+ 2mey, 2R 2 +myyy (g2h'2+g'?h?)] (gh' —g'h),
E6 = [4mag; g3h+4mgy; &30 +myy1(8%) (gh)'] (k' —g'h),
6 = [4mag) gh’ +dmyy, &R +myy (R?)' (gh)'] (gh' —&'h). )

QOur next task is to evaluate the function

m® (xl’ylaxll’yllaz) ' (Blla)
given that m® (€, 7, €7, 2) = BAE472) + 3N (£ 1), (B114)
1 1420 '
= 1
where A= =3 T ey + 2@ +e0)} O } B
N = JO(1+60)}

and
kx' = x,( Jtr2+ K2+ Lir,.x,+ M'r, X r,) +y,g(e'r2+ftri4-c'r,.1,)
+x,( J2 4 K2+ L*r,. v+ Mt X t,) +y, h(e*ri 4 f*ra+c*r,.1,),
ky' = —x,g(etr2+ftr24-ctr,.r,) +y,( J2+ K2+ Lir,.r,+ M'r,xr,) ;
+x, h(e*r2 4+ ri4c'r,.r,) +y,( T+ K*2+ L*r,.r .~ M*r, X1 ).

(B12)

Inthese expressions,r2denotesx2+y2, 12 = x2+y2,T,. T, = X, %, +Y,Y,and T, X T, = x,y,— %, ,;

\

Jt=g f (L g+ Mg (gh) +NgH) dz
—h f (Zgtt2Mgig - N g dz,
Kt—g f (Ll MK (gh) + N ) dz
—h f (Lt Mg )+ Ny W22 ) dz,
‘ \ > (B13a)
Lt=2g f (Lgh2 -+ 2.Mghg' I+ N g2 —H)dz
—oh [ (2giht Mg (gh) + Hg W) dz,
Mt — ?ké f “(Peht2g'k) dz,
| 2h [c

2 [(2g 207 dz,
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540 P. W. HAWKES

Jt—g f :($g2h2 (2 g 2) NP2 2) dz
—h f :($g3h+ Mgg (gh) +Ng'Sh') dz,

K =g f (LS 240202+ N ') dz
—h f Z(.Zg/ﬁ B (gh) -+ A ) dz, (B135)

L* — 2g f :(fg/z3+,//{/z/z'(g/z)’+=/Vg'/z'3) dz
o f :(.Zg?/zz L 2ughg W+ N W2 — ) dz,
2¢ ¢ 2

M =2 ("1 a) dzm%l f (Pgh+24'W) dz

in which the functions #(z), .#(z), #(z), 2(z) and #’(z) denote combinations of the axial
potentials and fields and their derivatives, thus:

1 1 " 02()2)2 iv "
@ - 3%{@(14_6@)}[@(1“@) (@ +72Q2)2 - DY — 4700 |,
1 " 20)2
A = DL b)) [(1+26D) D" 722,
N = BHD(1 +c®)},
1 n Q r 22 " (B14)
7 :EJ{Q(I—Pe(D)}{®(1+e®5 L1 260) B 4720 —Q }
g1, Q
~ 1 o0 red)y
n* % (gh’ —g'h)*
TS red))

After obtaining an expression for m®, we obtain expressions for £x!', and £yl in the
Gaussian image plane, from the formulae kxf' = —V, g, ky}! = —V,g.. The coefficients of

the various terms of which x{' is composed are given below; in this list, the integral
— (g/k) f{A(Zl G ALy gh+Zy 1)+ N(Z, g+ Z, ' + Zy h'?)} dz

is denoted concisely by (A; Z,, Z,, Z;), where Z,, Z, and Z; may each be functions of the
functions 4, B, C, D, E, F, ¢, fand ¢; products of the fifth order coeflicients§ af, 4}...£}, {} and
the factor (—g/k) are denoted by 4, b,... £ ¢; finally, we use [u,v] to represent

—&HO(1+eD)} (ugh' +vgg') [K.

1 To derive these coeflicients entails much laborious manipulation; the details of the mathematics are
set out in Hawkes (1963).
§ The dagger indicates integration from z, to z,.
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x,78: 6—(N\; ctet+-2(Ct++ DY) Et, ¢te* — 3ETE* —8A*(Ct+ D1), 124*E*)
+[efe* —BETE*, ctet - 2(Ct+ D) E1],
%, 78 Mm—(A; 12BYFY, f1f*— 3F1F*—8BY(C*+4 D*), ¢*f*+2(C*+ D*) F*)
+[fif*—FtF*—8B'C*, 12BF1],
%,7212: L—{A; ctft+2CHFt - 6 DIFt - ABYE! otf* + o*ft — EYF* — 5E*Ft — 4CtD*
—4C*Dt—164*Bt —4D'D*, ¢*¢* 4 2C*E* + 4 A*F* 4 6 D*E*)
+[elf* +e¥ft— ETF* —3E*Ft —4C*D?1, ¢tft+ 2CTFt + 4BtEt 4 6 DTF1],
x,(r,.r,)2%: 37— (A; 12CtFt, 3(ctc* —4C1C* — 4 E*F1), 12C*E*)
+[4(ctc* —2CTC* — E*F1), 4(8CTFT —ctf1)],
X, (o X T,) 20 —(A; 4ct f1, —8cte™ — 4e™f 1, dce™),
%, (L, ) (T, X X,) 1 28— (A; 8(CH T cTFY), —8(E¥f T4 e*Ft 4 C*ct+c*CY), 8(C¥e*+c*E¥))
F[—4(CT - EYT), 4(Clf T 4-¢1FY)],
x,72(r,.1,) 0 2f —(A; ¢12 4+ 4CT2 - 4ETF - 8CtDHY,
2cte* +2c%et — 12CTE* — 4C*EY — 16 A*Ft — 8DE*, 16 A*C* 4 8 E*?)
+ [cTe* — 6CTE* 4-4c*et — 4C*EY— 4DV E¥, 12 - 4C12 — 4etft H 4 ETFT - 8CT D],
x,74(r,.r,): 27— (A; 16BYCt 4 8F12, 2¢tf* - 2c*ft — 4CTF*— 12C*Ft — 16 BT E*
—8D*Ft,¢*24C*2 4+ 8C*D* +4E*F*)
+[etf*—2CTF* - 4c*ft — 8C*Ft —8BTE*, 16 BCt — 412 - 8 F12],
%,72(r, X 1)1 E—(A; 2(Ctet 26t Dt Efft4-¢tF1), —6Cte* — 20t — 2c* Et — 4¢tE*
—8A%ft—2D"e*, 8(E¥e* + A*c*) )+ [ — 3¢TE*, 2c(Ct+ D1)],
%,72(r, X ) {—(A; 8(Fift+Bict), —6C*ft—2CH* — 4c*Ft — 9t F*— 8Bte* —4.D*f1,
2(C*c* +2¢*D* +e* F* - E*f*) )y [ — (¢"F*4-4C*f 1), 4(Ftft 4 Btct)],
—y, 7k p—(A; ¢tEY4-2D%et, — et E¥ —3¢*Et — 4 A%ct, 124%¢*)
+[—etE*—3¢*Et, ctEt 4 2¢tD1],
—yrar S—(A; 12BYft, — FYf*—3F*ft—4Btc* *F*4- 2D*f*)
+[—3(Ftf*++ F*ft) —8B%c*, 36 B1f1],
—y, 7212 i—(A; Fiet +-6DFt - 4Btet, — 3(¢*Ft+ E*ft) —2(ctD*4-¢* D)
—ETf*— et F*, 4 A*f* 4 c*E* + 6 D*¢*)
+[— (86" Ft - E*f 1+ 3Ef* - 3¢"F* - 4¢*D*), 14D1f T - 12Btet - ctF1],
—Yo(To- 1) d— (A5 4(PFH - CHfY), —4(E*f T 4-e*Ft++c*Ct + Cct), 4(c*E* 4 C*e*) )
+ [ —4(2c*Ct - tC* - *F1), 8(CHf T 4 ctFH) ],
—Yo(T, X T,)%: 3,
—Yo(Ty-T,) (T, X X,) 2 20— (A; 8ctfT, —6cTc* —8e*f 1, 8e¥c™) 4 [4(cte* +¢*fT), 8¢t f1],

I This term may, of course, be incorporated into x,72r2 and #,(r,.r,)2, by using the identity

(ro X ra)2 = 7'37'2 - (ro'ra)z'
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542 P. W. HAWKES
—y,72(r,.1,): E—(A; 2CTct + 4¢t Dt 4 2f TEY 4 2etFt, — 4ctE¥ — 6Cte* — 8AXft
—2c*Et—2C*et — 4 D¢, 8(e*E* -+ A%c*))
+[— (6e*Ct+ E¥ct + 4c*Et - 4C%et 4 4De*), 2c1Ct - 6¢t D 4B T - detf 1],
— Y, 13(r,.T,) s {—(A; 8(FUft 4 Blet), — 4c*Ft — 6C*f T — 20t F* — 2Ctf* — 4 D*f't — 8 Bte*,
2% C*+ 4c*D* + 2e*F* + 2E*f*)
+[— (6CHf* 4 BctF* 4 8¢*Ft - 4C*ft - 8Ble*), 20(FHf T+ Btct)],
—Y, 72T, X T,) 1 27 —(A; ¢t 4etft, — 6cte™ —2c%et, 86™2) + [ — Sete®, 2],
—YoTa(To X Tp)t 28— CA; 8f 1%, — 66%f T — 26lf*, "2 4 4e™f ")+ [ — (3etf* 4 4e¥fT), 1217,
x,7é: 26— (A; 4D 126t 4 2ETFY, —4DVE* —4D*Et—8A*Ft, E*2 4 ¢*24-164*D*)
+[—4D*Et—2DYE* — 2¢%¢t, 2ETFt + 6etf T+ 4.D12],
X, 74t 6d—(A; 48B12, —24BIF*, 3(F*2 - f*2)) - [ — 12BF*, 48B"2],
x, 73720 48— (A5 2(F12 12+ 16B1 DY), — 8(D*Ft 4 DIF*4-2B1E*), 4(2D*2 -+ E*F* - ¢*f*))
+[—4D*Ft—6DtF*—4BTE*—2c*f1, 2F"2 1 612 32BtD1],
x,(r,.1,)%: 28— (A; 8(F12+2B1CY), —12C*Ft—4CtF*—8D*Ft—16BtE*
+2et ¥4 201, ¢*2 4+ 4C*2 - 8C*D* + 4 E*F*)
+ [ —4CF*4-2¢tf* — 4C*Ft — 8 D*F1, 8(F12+-2B1Ct)],
%,(To X 1,)%: 28— (A; 812, — 6™t —2ctf*, 2 4e*f*),
x,(r,.1,) (r, X 1,): 28 —(A; 16( fTFt 4 Btct), —4(8C* 20" F1 + ¢t F* - C1f* - 2D*ft - 4 Bte*),
4(c*C*4-26*D* + " F* + E*f*) ) 4+ [ — 26T F* — 4C*f* — 8 D*f, 8 (Ftft+ Btct)],
x,72(r,.1,) 1 2 —(A; 4CtFt +-2¢ft 4 12Dt Ft 4-8BTEY,
—2(4C'D*++4C* DY+ 5E*F'  EYF*+ 16 4*Bt +- 2Dt D* - etf* - ¢*f 1),
2(2C*E*+-c*e*+ 6 D*E*+ 4 A*F¥))
+[—2(4CtD*++2C*Dt 4 E*Ft + EYF* —etf* - ¢t¢*+ 4D D¥),
4CtFt+6ctft -+ 12DYF + 8BTEY],
%, 72(r,.1,) s 4m—{A; 48BTFt, —4(3F1F* 4 ftf*4-8B1C*+8BtD*),
4(2C*F* +c*f* - 2D*F*) ) + [2f tf*— 8FtF*—8B1C* — 16B1D*, 48 B1F1],
x,72(r, X 1,): 20—(A; 2ctFt — 8¢t Bt - 12D1F*,
—2(2¢tD*4-2c*D*t + 3¢*Ft + 3E*f 1 Etf* et F¥),
12D%e* 4 2c*E* 4 8A*f*y + [ — 4ctD* — 2E*f1, 2ctFt 4 D],
x,72(r, X T,): 45— (A; 48BYf*t, —4(3ftF* + Ftf* - 4B%c*), 4c*F*++ 8D*f*)
+ [ — 6 TF™, 24BTfT],
y,re: [ —2(C¥t 4 c*Et — Dte*), 2(etFt + Etft 4-ctD1)],

y.7as [FIf* 0],
Y, r2r2: [ —2c*Ft—2C*f - 4Bte* + EYf*, 4(F1ft + Bict)],
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GENERAL ELECTRON OPTICAL SYSTEMS. II 543
YalTo-T0)%: [—2(20Y " +c'F7), 8(FTf T+ Blet)]
YalTo-T,) (T, X 1,) 1 [ =267, 8f1],
Y ri(r,. 1) [—2(2c*Ct4-ctC* —e* F + Etf*+ ' F*), 4 (Ctf T+t Ft -+ 2Dt 4 2Btet) ],
YaTa(To- 1) [2(C* =/ FT—f1F7), 24BIf"],
YaTo(T, X T,) 1 [2(e7fT—c%eh), 4clfT],
ya 7’2(1‘0 X ra) : [67*3 O]

This is the most convenient form in which to quote the aberration coefficients. The
number of functions has been reduced to the fewest that is possible without returning to
the functions ®(z) and Q(z) themselves; apart from af,...,{}, only the nine functions
A(z), ...,¢(2) are involved, together with the functions A(z) and A’(z).

In a later paper, the corresponding coeflicients for a rectilinear orthogonal system will
be set out.

I should like to thank Dr V.E. Cosslett and Dr J. C. E. Jennings for detailed and con-
structive criticism of the work upon which this article is based. A grant in support of this
work from the Paul Instrument Fund of the Royal Society, and Research Fellowships of
Peterhouse and the Department of Scientific and Industrial Research are most gratefully
acknowledged.

AprPENDIX. COMPARISON WITH MELKICH’S FORMULAE

The first case examined by Melkich corresponds to the special case of a twist-free ortho-
gonal system in which P, = A, = 0. Melkich’s coefficients a, b, ¢, ..., £, [ in his expression

Ax, = ax}+bxpyh+cxh 2.+ dxpypyo+ ex,yh+ fxp X0+ 85y 5 %Yoy pH XS+ I,y

correspond to the present coefficients (afyd), as follows.

a: (0030) = k;Y(h,n*—4g,ct), S+ (2010) = k;Y(3h, 0% —2g,5"),
b: (0012) = k1 (h, 9" —2¢, /1), g: (0210) = k1 (B A" —2g, A1),
¢: (1020) = k;1(2h, 5% —3g,n'), J: (1101) = k71 (2R, y*—2g,0%),
d: (0111) = k7Y (h,0*—2g.(1), k: (3000) = k;(4h,a*—g. 1",
¢: (1002) = k;1(2h, g*—g,¢"), [: (1200) = k;1(2h,e*—g, AY).

The y-aberrations are quoted in the plane of a line focus, in which £, (z) vanishes, so that
the coefficients a, f, ..., k,A in

Ay, = oy 4Ly s X5+ Yy Y, + 0y g Xp X, €y, x5+ Gy pya+ Oy p x5 41y, %, %5+ kY3 -+ Ay , %2

1 In practice, therefore, we first calculate mg, my,...mq from (B 4) and hence mgyg, myy...m;; from (B 5)
and (B7). The paraxial solutions and primary aberrations are presumed known, so that the quantities
@g, bg...Cg (B 10) can now be calculated and integrated to give 4, b...Z (after multiplication by —g/k). The
functions A, A’ (B1ll¢) and £, 2...4 (B 14) are composed of known quantities, so that integrating,
Jt, Kt...K*, M* can be obtained (B 13aand 4). Any desired aberration coefficient can thus be calculated
numerically.

67 VoL. 257. A.
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correspond to («fyd), thus
«: (0003) = —4(g,/k,) d, : (0201) = —2(g,[k,) k*
f: (0021) = —2(g, [k,) /7, 0: (2001) = —2(g,/k,) &*
7: (0102) = —3(g,[k,) p', F(1110) = — (g /k,) o
d: (1011) = —2(g,[k,) ¢", x: (0300) == — (g, /k,) m,
¢: (0120) =—(g,/k,) {t, A: (2100) = —(g,/k,) '

Melkich does not use the solutions of the primordial (Gaussian) equations of motion
which we have denoted 4, and #,. His functions x, and y, are identical to the present
functions g, and g, but his functions x, and y, are defined by

%,(20) = Ya(2,) = 0,

(%) _ (di) B
dz z=2z - dz z=2z, B
xo a:B
xﬁ‘fz) Yy R)
~{45°
S \4\50 zB o
~ Yol®) 2y (2)
Yo Yg
Ficure 1.

(see figure 1). Melkich therefore has
JO(x, x,—x, x,) = /D,

o, 1

so that x,(z,) = O o
For 8x and hx) \/(D(gx h:,c_g:c hx) = \/(I)o hxo = __g}’m \/(I)a
and hence %,(2,) = /by, = x5
In conclusion, therefore,

%,(2) = £(2);

Y,(2) = &,(2);

1 x,(z
nl@) = rhia, ba =28,

M@:i@@,@@:%%.
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The potential expansions employed by Melkich also differ slightly from those employed
in the present paper. The correspondence is as follows:

Melkich Hawkes
O*(2) D(2)
D(z) D(z)
G(2) —0(2) 48D, (2)
K(2) —Q()
L(z) 480,(2).

Let us examine the coeflicient a, one of the aperture aberration coeflicients
(Ax, = ax3+...),

for which Melkich derives (p. 432) the following expression:

o= ot | Je MO D) A A@O-D) 2,
— D" — D 67K, /O*) x2x, — 3D'x 3
+ﬁ[®<4>~D”+G—3(17K/\/CD*) (®"—-D)—29(K"+ L) JO*] x3}dz
Jatts | e @ D) 2 (@9 D) s,
— 3@ D 6K JO¥) /2, — 40
3OO D"+ G—3(yK|J*) (@ D) —2y(K"+ L) JO¥] 3} dz.

We recall that x, and x,, are solutions of the ‘Gaussian differential equation’
O*x" +10'x" 4 H(D" — D — 4y K JO*) x = 0.
Consider first the second integral (with limits z, and z,) ;
L wad 5d(J0%)d
2 J(D* xocxoc Z = oxaxa (N/ ) Z
b
e 2 S TR INL PR PR AL D
But, from the Gaussian differential equation,

1 ¢ iy KXy X2
T g JoF e te T g

Substituting for ,/@*x, x/2x, from the first expression, we find

b ’ "
HEYE BRI L

o (D! 4 1D —D—agKJD*)x,).

s\ 7o), JoE et Jo*
—q f Kx2x2dz 41 [xax'3jq)*]b~— J@*x"‘dz,
or f (\/(D*xaxfmi%iﬂ(xffx) z = 8] (DJ(D* x2x'2dz
A NG ERR NI POP I (B

in which we have used the fact that x,(z,) = 0.
67-2
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We next consider the mixed magnetic and electric term, —{(7K//®*) (®”—D) x%, and
use the Gaussian equation to obtain '

i@ D) = L Lo O N D)) (C)
Collecting up the terms in 3 x”, we find
b " .
—18— fo % x3 x, dz
which we convert into
(DI/ (DII 2 , @(3)_DI 5 @/I '
J(D* ] 8f (3 J(I)* e (D*S(I)x) (C3)

The aggregate of the terms in x3 x/, is zero.
With the aid of (C 1), (C 2) and (C 3), therefore, the second integrand of a can be written

in the form b
f (Axd+ Ba2x2+Cx'4) dz 4+ R

0o

in which
1 O9-_D"+G 1 (O"—D)? | " ~19"-D L s
4= 24 J(D* 32 x? —1(K"+L), B= T4 J(Dk > _§~/(I) >
10,—D .
R = 3 J(D* g X Xy T N OF % 25
In the present notation, therefore,
2
Jo, | goet-dde
becomes —% J‘ZE (Akt+ BR2 B2+ Ch4) dz—R,
in which '
1 ” 1 (@"—D)? 10" —
14 1 —/ 1 " __ -
A= NG (5500 —5D"+2D)) — 32 @f 197(Q"—48Q,), B = 4 Jq) =

1o;-D .., 1JcI) 5
g k\/q) xchxchxc k xchxch

X

—%,\/(D, Rl -

Substituting for F, G, ..., N in the expression for ¢ obtained in part A, and neglecting
relativistic effects, we find 4 — AW BRR24 O

in which
! 1 4 ®,/ n
A :N/—(D(le‘p(‘nﬁflsz +2D,)— 32( "o )"JFT%’?(Q —48Q))
, 19"—-D ,
B ——37 5 C=—1/0,

Aand 4’, Band B’, C and C’ are thus respectively identical.
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We now transform the first integral in Melkich’s expression, which runs from z, to z,. The
sequence of the steps is identical to the one we have just followed to convert the second
integral.

b / b b
and 5 [ e ide = [0, Yk [ 0 pdzts [ 0 ixldz

. 1 @ b ,
give —5 f oF x3dz+3y fB Kx,x,x2dz
B

—— b
:% B%@*Qxyxaxﬁde“%L\/(D*x'yx&3dz+%~/q)§<xybx;3b (G4)

K ” l ®,,_-D 4 ! ! 4
~%7]qu;§ (®"—D) x, x5 dz -:-§f i O*x, +10'x), +1L(D"— D) x,] xyxfgdz. (G5)

. 2 "
The terms in x,, 27 x,,

b1®"—-D
fyg NG x, x5 %, dz

are written

! ‘L'"‘D) 2 _lf”xf (‘P,“L:Qfx 2
g( J(D* bxybxabxocb 8 B o \/(I)* o
(I)//___D , ®I1_D , (I)”—'D ,
m_—*—gq)*%(bxyx%r—\/q)* xyx§+27(—5§—x7xax“)dz (Ce6)

and those in x, x7 x, are hence equal to zero.

The complete first integrand in a can thus be cast into the form

b

fB(ny x5 Vi, 0, (%, 2,420, x,) + Wil x}) dz+ R

in which

1 o®—-D"+G 1 (®"—-D)* | ., _ 10"-D
2a  Jor 3z o &L V=g T

1 "_D , ,
W == ﬁ%\/(l)*, R = 'g (%T)bxybxib xotb—*—%N/(I)I;I< xyb xd3b

sothat U=A=4"V=4B={B and W=C(C=C(".
The first integral

U —

Zb
Xab X

JOF i), qu)*{"'}dz

is thus equivalent to

B [ (g, 2+ 3Blg ) Bt CEI2) dz+ R

Za

. . ' 1 (I)Z_Dc 3 1 /3
mn Wthh R = g kaq)c xc hxc hxc—|— Zx/q)chc hxc kxc'

67-9
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Combining the first and second integrals, the terms in R and R’ cancel out, and since we

found in part A that the expression for 7 is indeed equal to
Ag -+ 3B(g. )" ol Cg e

Melkich’s expression for ¢ and the formula derived above for the corresponding quantity
are identical.

The expression given by Melkich for the aperture aberration coeflicient in the y-direction,
Y, = ay3 (equation (20), p. 428), is the counterpart of only the second integral in the
x direction, or —4(g,,/k,) d"in the present notation; since the symmetry of the coefficients is
so high, he finds it convenient to quote the aberrations at a line focus in this, the y z plane,
and to set out the formulae for a general plane in only the x z plane. The term in R can no
longer cancel out with the term in R’, therefore, but this is of no importance, since x,
vanishes in a line focus plane and hence R = 0.

In the remainder of this appendix, we shall demonstrate briefly the equivalence of
Melkich’s expressions and the present formulae, for one member of each family of aberra-
tions: one coma, one astigmatism and one distortion.

A coma term: Ax, = dxzy,y,
Melkich finds

] 2 Xy 1y —od*
ocB!/och ,\/(I)*{ (I) +D) ocyayy 2(1) xayayy

®<3>+ ) %Yo ¥yt 2(Q"+D) (2,4, ¥y + 209, Y0)

~<D' X Yoy D (x ayayﬁx;y;y;)

—(@"—D— 39K JO*) x, y, v, — [ (nK/JD*) (" + D)

+2p(K"—L) J‘D*+G] xayayy~f7K’J®*( XYYy tX,YaY,)}dz

~J®§9§3’;By“3 J(D* {3(Q"+D) x chayy“Qq)* Zc!/;i!/;/

+H(@O+D) 2,9, y, + L (P +D) (%, Yo yy + 259, ¥5)

— 05, Yoy, O (x ayayﬁx;y;y;)

— (" =D —3pKJO*) x, y,, v, — 1 [ (nK/JD*) (D" + D)

+2p(K"—L) JO*+G] xayayy~f7K’J®* (%0 Ya ¥y +%,929,)} dz.
Examine first the integral from z, to z,, which we expect to be equivalent to w*.

"+ D 19D
— K g Xy Yy Y = awt %Yy

Yul PFa+-3 0%+ (P~ D) x,],  (C7)

@//+_D yyd B (I)”—l—D x,yy]zb
Jq)gz yJo 4 ,\/(D* aJyJa .

OLD D
f[ ,\/(I;ﬂ?v— Y Xa 'yyoc QJ(D* (I)xyxoayyyoc

(D//_I_D .y (I)//_l_D , ,
J(D* x?’x“y?’ya_‘_i/*(DTxyxoc(yyya) :Idza (CS)

_l_
f Jcpvxyx;y;y;dz i RN AT A

2 [ JOR [ , o  H y G 0 ,
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GENERAL ELECTRON OPTICAL SYSTEMS. II 549
or alternatively,
o » 10"—D
f JOF Xy KoYy Yo dz = QJ Xy Yy Y ( JO*x “]"“ 4 JD* Yo VKxa) dz.
Multiplying the first of these expressions by 4 and the second by 3, and subtracting, we find
b
[ e rdz =2 [ 0%y dz

b®” ’ / ’ ’
+4 NiE xyxu/yyadz fJCD“ XYy Yadz

_f J@*x y;y;+y;y;’c dz—-37;fBKx7xayyyadz

| +[JO* x, 2,4 .15 (Co)
Finally,

b b
-7 fBley xoc(yy ya), dz = “%77 fBK/xy xoc(yyyoc)l dz
b
—[Ks, v, 24 [ 40K (5, ) 9, d2

b
+ f K ”xy Xy Yo Yo dz.
B

Collecting up, we obtain

N wya,»f Jos L}z

’ ’ ’ ’

J<Do i f [Ty %0 Yy Yot Uxy 2,9,
+V+(xyxayyya+xyxayyya)+V_(xyxay;ya—x XYy Ya)
+W{xyxoc(yyyoc)/_(x xoc)lyyya}] dz+Rl

= xcf [Tgx vngly+ngk/ }l;/

+ W{gx /Zx(gy ky)/ - (gx }Lx Ig_/ ky}] dz+Rl
G 1 (0'—D) (@' +D)

in which T:_4\/(I)*Al_67 s +inL
_ 1 oW D, (@"-D)(®"4D)
16W-12ﬁ_ 16Dt +249Q,,

or 8(F—G) in the notation of part A.
U=—/0* =~ /O or 8N,

1 @// 1 @Il
K ——Z \771)?:_1\7&) or 4K,
V. = D _ 4L,

1 1D
L Jo* T4 jo &
W=—nK =17Q" or 2R.
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The ‘remainder’, R,, is given by

1 (I)”+D

R, “k_ 1 o 8 g hig b, +JPg gk, +%77Q’gxhxgyﬁyl-

Precisely the same sequence of steps converts the second integral, from z, to z,, into an
expression which proves to be identical to 2{*, together with a remainder which cancels

out R,.
An astigmatism term: Ax, = gxpy?

Melkich derives the formula

(@ + D) xy y% — O*x, y?

06

€ i), Jae
§(®(3’+D') % Y5+ 1D+ D) 2y y, vy, — 3%,y
+@*x, v,y — 3(D" — D — 3K JO¥) x, 9}
— %[(WK/JQ)*) (®"+ D) +2y(K"—L)JO* +G] x, 55, —nK'JP* x,y, y,} dz
o [ et oD oy
+s(®(3’% D) x5+ 1D+ D) xpy, 4, — 3%,y
+O*x, y, y, — 3(D"— D — 39K JO*) x, y?
— (K[ JO*) (®" + D) 429 (K" — L) JO* + G] %, y5 —nK'JD* x,y, y,} dz.
We find that
@Il

1 q) ’ ’ //
~§fJ(D*x7xay2dz = fxyyy2 (Jd)* a Jq)* ——77Kxa) dz
b
zf /q)*xyxay”dz *“[Jq)*xyx;y’f]ﬁf SO (3, %Y+ 2y Xy 4 2%, %0 Y, Y, ) dz
give QJ- J@* X, % fzdz+277f Kx,x,y}dz— f JO* x, x, y 7 dz

+f Jq)*xyx;y;y;dzt——f JO* & x, y2dz
B

(DJ(D* x, %, Y2 dz+ 5[ O* x, 2, y7 15 (C10)
(D,/+D ron ’ ”
ﬁ%”f_/%(@n_l_D)xyxayydzﬁ Sf ¥l “[ @'« + LD, + (D —D)x,]x,y2 dz,
’ (C11)

b b
*”J‘ K,x'yxocyyy;ldz - _“%77 fBK,x'yxoc(yg/) dz
B b
Kl [ Ko yidz i [Kd(n, ) de
b(D,I+D // ®,/+D ’ b
B“:/E)* XyXa Y 2/d = [\/(I)* xocy%]

blq)///_|_D/ L Lq)ll_l_D ,
ﬁjB{g'—\/‘(ﬁ*#xyx“y"—lG s D'x, x, 42

10"+D 10"+D

by U g %, 4 (0)') dz. (C12)
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Collecting up, we find that

NG “Ba ijJ—g';{...}dz

= gy | e 0 (4 o) o
Fufr, %, (2) + (3,5, y3}] dz+ R
h e ’ ’ ’ ’ ’
=0 [ e g g g (G g3 g g) o (g g g)
’ +w{gx x( y) —(gx X gy}] dZ+R2

G 1 (9"+D)(®'—D)

in which t:_8J®*~32 o +igL, u=—1 /D%
1 o 1 D e
U+—*—§W’ U_—»~—'8*W, w—mzﬂK

so that Melkich’s expression is equivalent to A* and likewise the second integral in the
formula for g can be transformed into 2/41.

A distortion: Ax, = Ix,y?
®//+D) X

Jd)*f J@*{4 vy Oy
+5(@O+D") 2,45+ (D" + D) x, y} —30'x, y;?
+O*x, gy — (D" — D — 3K JD*) x, 2

—sl(nK[J@*) (®"+ D) +2p(K"— L)y O* +G] %, 45, — 1K'\ /D* x,,y, y,} dz

X, 2b xa ” ’ ’ ’ ” ’ ’

e s QO D) 4 O OO D) 1 K D) 4,
—3O'x,y 7+ O¥x,y, y,, — 5D — D — 39K /O¥) x,

. —sl(7K[J®*) (@ + D) + 2 (K" — L)J@* +G] x, y5 —nK'JD* x, y, y, } dz.

Substituting
b b
2f q)*xyxyy’zderZ;]f KxZ ’Zdz——f JO*x, x;y;zdz+fBJ(D*x xyy2dz

3 b d"—D r9 % 12,19 % PT
5| S mupda—; fJ(D x2y2dz 4+ 3O x, 2,525, (C13)

“ﬂf K'x yyyydzﬂ{ﬂf {(*2)" 95 —x%(y2) }dZ+477f K% dz—{n[K'x2 y213,

—1 fK‘D 2 y2dz — g ¢ +D[c1>* 13, + 1 (D —D)x,]x,55dz  (C14)

(D,,+D // 2d (I)”—I—D ' g b
8J), \/(I)* Xy XyYydz = [_J(D* x'yx'yyy]B
@”/_|— DI @”—i—D , I (D/I I q)”_I_D , )
j{ ; Q'x Xy /yg’_l_ J(I)* v2y%/+2 J(D* xyyyyy}dz (C 15)

\/Q)* Xy x;,yy T o*E

and collecting up, we find that Melkich’s integral from z, to z, corresponds to 2¢*, and
likewise the other integral can be transformed into A*.
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